In this paper, we prove some coupled coincidence point theorems in fuzzy normed spaces. Our results improve and restate the proof lines of the main results given in the papers (Eshaghi Gordji et al. in Math. Comput. Model. 54:1897-1906) and (Sintunavarat et al. in Fixed Point Theory Appl. 2011:81, 2011. MSC: Primary 47H10; secondary 54H25; 34B15
Obviously, if (X, μ, ν, * , ) is an IFNS, then (X, μ, * ) is an FNS. We refer to this space as its support.
Lemma . μ(x, ·) is a non-decreasing function on (, ∞) and ν(x, ·) is a non-increasing function on (, ∞).
Some properties and examples of IFNS and the concepts of convergence and a Cauchy sequence in IFNS are given in [] .
Definition . []
Let (X, μ, ν, * , ) be an IFNS.
() A sequence {x n } ⊂ X is called a Cauchy sequence if, for any >  and t > , there exists n  ∈ N such that μ(x n -x m , t) >  -and ν(x n -x m , t) < for all n, m ≥ n  . () A sequence {x n } ⊂ X is said to be convergent to a point x ∈ X denoted by x n → x or by lim n→∞ x n = x if, for any >  and t > , there exists n  ∈ N such that μ(x n -x, t) >  -and ν(x n -x, t) < for all n ≥ n  . () An IFNS in which every Cauchy sequence is convergent is said to be complete.
Most of the following definitions were introduced in [].
Definition . Let F : X × X → X and g : X → X be two mappings.
() F and g are said to be commuting if gF(x, y) = F(gx, gy) for all x, y ∈ X. () A point (x, y) ∈ X × X is called a coupled coincidence point of the mappings F and g if F(x, y) = gx and F(y, x) = gy. If g is the identity, (x, y) is called a coupled fixed point of F. () If (X, ) is a partially ordered set, then F is said to have the mixed g-monotone property if it verifies the following properties:
If g is the identity mapping, then F is said to have the mixed monotone property. () If (X, ) is a partially ordered set, then X is said to have the sequential g-monotone property if it verifies the following properties: (B) If {x n } is a non-decreasing sequence and lim n→∞ x n = x, then gx n gx for all n ∈ N. (B) If {x n } is a non-increasing sequence and lim n→∞ y n = y, then gy n gy for all n ∈ N. If g is the identity mapping, then X is said to have the sequential monotone property. Definition . Let X and Y be two IFNS. A function f : X → Y is said to be continuous at a point x  ∈ X if, for any sequence {x n } in X converging to x  , the sequence {f (x n )} in Y converges to f (x  ). If f is continuous at each x ∈ X, then f is said to be continuous on X. 
for all t >  and n ∈ N, where  < k < . Then the sequence {x n } is a Cauchy sequence in X.
has the n-property. Let F : X × X → X and g : X → X be two mappings such that F has the mixed g-monotone property and
for which gx gu and gy gv, where Secondly, from the property (IF), it follows that a sequence {x n } ⊂ X is a Cauchy sequence if, for any >  and t > , there exists n  ∈ N such that μ(x n -x m , t) >  -for all n, m ≥ n  . That is, the sequence {x n } ⊂ X is a Cauchy sequence on the IFNS (X, μ, ν, * , ) if it also is on the FNS (X, μ, * ). A similar comment is valid for the convergence.
Furthermore, the completeness of an IFNS is equivalent to the completeness of its support FNS and so we can deduce any fixed point theorem for IFNS (when the conditions on μ and ν are splitting) as an immediate consequence of its associated fixed point theorem for FNS. In particular, it is sufficient to prove Theorem . just for FNS. Therefore, we only develop Theorem . for FNS.
Also, some proof lines of Lemma . are not correct (see p., lines -):
where q >  such that m < n q , and
where p >  such that m < n p . Hence the sequence {x n } is a Cauchy sequence. This is not correct since the same q (or p) would not be valid for all positive integers m > n ≥ n  . For instance, let (X, · ) be an ordinary normed space, define μ(x, t) = t t+ x for any x ∈ X and t >  and a
Also, the proof lines of Theorem . that are not correct are the following ones (see p., lines -):
where q >  such that m < n q . In general, we cannot obtain μ(x n -x m , t) →  as n, m → ∞.
It is not shown that {x n } is a Cauchy sequence. Moreover, a similar conclusion can be obtained for ν(x n -x m , t) → . Thus, from the hypothesis of Theorem ., the conclusion cannot be guaranteed.
The modification in FNS
In this section, by replacing the hypothesis that μ satisfies the n-property with the one that the t-norm is of H-type, we state and prove a coupled fixed point theorem as a modification. Proof Let x  , y  ∈ X be such that x  F(x  , y  ) and y  F(y  , x  ). Since F(X × X) ⊆ X, we can choose x  , y  ∈ X such that x  = F(x  , y  ) and y  = F(y  , x  ). Again, from F(X × X) ⊆ X, we can choose x  , y  ∈ X such that x  = F(x  , y  ) and y  = F(y  , x  ). Continuing this process, we can construct two sequences {x n } and {y n } in X such that, for each n ≥ ,
The proof is divided into two steps.
Step . Prove that {x n } and {y n } are Cauchy sequences. Firstly, we show by induction that, for each n ≥ , For n = , (.) holds trivially. Suppose that, for some fixed n ≥ , (.) holds. Since x n x n+ and x n x n+ and F has the mixed monotone property, it follows from (.) that
Similarly, we have
Thus, combining (.) and (.), (.) holds.
(.) and (F) that
Then it follows from the t-norm and a * b ≥ ab that δ n (kt) ≥ δ n- (t) for all n ≥ . This implies that
Since lim n→∞ δ  ( t k n ) =  for all t > , we have lim n→∞ δ n (t) =  for all t > . Now, we claim that, for any p ≥ ,
In fact, it is obvious for p =  by (.), (.) and Lemma . since t/k ≥ t -kt and δ  n- is non-decreasing. Assume that (.) holds for some p ≥ . By (.), we have
and so
Thus, from (.), (.) and a * b ≥ ab, we have
Hence, by the monotonicity of the t-norm * , we have
Therefore, by induction, (.) holds for all p ≥ . Suppose that t >  and ∈ (, ] are given. By hypothesis, since * is a t-norm of H-type, there exists  < η <  such that
Therefore, {x n } and {y n } are Cauchy sequences.
Step . We prove that F has a coupled fixed point. Since X is complete, there exist x, y ∈ X such that lim n→∞ x n = x and lim n→∞ y n = y. Suppose that the assumption (a) holds. By the continuity of F, we get
Similarly, we can show that F(y, x) = y. Suppose now that (b) holds. Since {x n } is a non-decreasing sequence with x n → x and {y n } is a non-increasing sequence with x y → y, from (B) and (B), we have x n x and y n y for all n ≥ . Then, by (.), we obtain
Letting n → ∞, we have lim n→∞ x n = F(x, y).
Similarly, we can show that F(y, x) = y.
Suppose that x  y  . By induction and the mixed monotone property of F, it follows that
By the iterative procedure, we have
Taking n → ∞, since lim n→∞ μ(x  -y  , t k n- ) =  for all t > , we conclude that μ(x -y, t) ≥  for all t > , i.e., x = y. This completes the proof.
Next, we prove the existence of a coupled coincidence point theorem, where we do not require that F and g are commuting.
Theorem . Let (X, ) be a partially ordered set and let (X, μ, * ) be a complete FNS such that * is of H-type and a * b ≥ ab for all a, b ∈ [, ]. Let k ∈ (, ) be a number and F : X × X → X and g : X → X be two mappings such that F has the mixed g-monotone property and
for which gx gu and gy gv. Suppose that Proof Using Lemma ., there exists E ⊂ X such that g(E) = g(X) and g : E → X is one-toone. We define a mapping A :
Since g is one-to-one on g(E), A is well defined. Thus it follows from (.) that
for which gx gu and gy gv. Since F has the mixed g-monotone property, we have
which implies that A has the mixed monotone property. Suppose that the assumption (a) or (b) holds. Using Theorem . with the mapping A, it follows that A has a coupled fixed point
, there exists (ũ,ṽ) ∈ X × X such that gũ = u and gṽ = v. Thus gũ = u = A(u, v) = A(gũ, gṽ). Similarly, gṽ = A(gṽ, gũ). This completes the proof. Now, we show the existence and uniqueness of coupled coincidence points. Note that if (S, ) is a partially ordered set, then we endow the product S × S with the following partial order:
We say that (x, y) and (u, v) are comparable if (x, y) (u, v) or (x, y) (u, v). http://www.journalofinequalitiesandapplications.com/content/2013/1/104 and gw = ggy = gF(y, x) = F(gy, gx) = F(w, z), i.e., (z, w) is a coupled coincidence point. In particular, from (.), we have z = gx = gz and w = gy = gw. Therefore, (z, w) is a coupled common fixed point of F and g.
To prove the uniqueness of the coupled common fixed point of F and g, assume that (p, q) is another coupled common fixed point. Then, by (.), we have p = gp = gz = z and q = gq = gw = w. This completes the proof.
Finally, we present an intuitionistic version of Theorem . with the dual conditions on t-conorms. The proof is just reduced to apply Theorem . to the support FNS. 
